
 

MATH 5061 Lecture on 31412020

Announcement PS2 due today PS3 up

Recall Er D connection on E

Tt D m x TIE Tle
Mm

DXS covariantderivative of SETCE
along X E ACM

tensorial in X Libebniz in s

locallyn fix local frame S Sr E

DE EW i.e Dfa w Sp

D 4 Wf connection matrix of 1 forms w Eaidxi
or 1 forms matrix valued

take localframe ee em of M

WE Ta ei where Ta w Ce Christoffel
symbols

Q How to define curvature of D

A curvature non commutativity of covariantderivatives

Def't Given a connection D on a vector bundle CT E M

we define the curvature of D as a map

For any X Y e CM we take

R X Y TLE TCE curvature tensor

defined by RIXY s Dx Dys Dy Dis Dexy S
T

commutating of to ensure that

Cov derivatives it is a tensor



Note Clearly R X Y R Y X so R E T Rtfm End E

Needto check f R fx Y If Rex y
T

R X Y fs if Rex y tf C M

Pf RCfx Y s Df Dys Dy DHS DCfx y S

fDxDps Dy f DXs Dfc y yesXS

f DxDyS fDyDxS YH
cancer

fDex s t YCf

f Rexy s

So we have established thefollowing

FACT The curvature tensor 12 is End E valued 2 forms

Locally R curvature matrix of 2 forms

E S Sr R Rf txt matrix of 2 forms

localframe
of E REX t sa Cx 0 Sp

Lemma A d w t w n w where w WI matrix of 1 forms

ie R dw t I w n w's
Proof Recall DS WISp

Dx Dyson Dx WILYSp
X WIKI Sp t w CY DxSp
X WIKI Sp t WEN w Cx Sp
X WEN WIN wIcx Sp

Dy Dxsa YCwEcxDt w ex w c o Sp
Dexia sa w Ex 0 Sp



Rex t sa X WIND Y WIKI WI Ext sp
wIcx7wIcY w w ex sp

DWI x Y 1 3 WINWI ix Y sp

Rf X Y b

Alternative proof that R is a tensor using C

local another I 5 E
local

frame
E Si Sr

frame
of E of E

They are related as I EA ie In a sp

where A AaB changeof basis matrix offunctions

Notation D R

s w Cw e Rf

5 I II I EE
Prop Transformation law for W R

i CT A w A A da Note w is NIT a tensor

Note r is a tensor
Cii I A A A

Proof Recall DE EW and DE IT But E EA

Ew DE D EA

DE A 1 E DA

Ew At EDA

I A w A A DA

Thisproves Ci



Recall I dw t w n w and I def twrw

d A WA t A da t A wat A da r A WA t A DA

FACT

f ADA A n WA t DA dCA AdAA
1 A dw A w nDA

1 A waw A t A w n DA t A DA A n w A 1 A DA A n da

A dw waw A A RA

1st Bianchi Identity dr An w w n r C 1

Proof Locally A dw t w n w
o

der d w't dw n w w nd w

R waw rw w n CR waw

R n w w n r a

Remark 2 7 DR O for the some inducedconnection D
on ACM End E Hw3

r E Et
E.g E D connection D Ers Exo E F EX

connectiont l s
M v

M Et i D is aderivation writ

Ii Doc CoD
where C contraction

Ex OGTLE's 130 s X OCS O Dis

Note W Wf has no geometricmeaning pointwise

Recall We can always make Tijkp 0 by choosing suitable word



Lemma Existence of normal coordinates at p e M

Forany connection D
on a vector bundle E over M fix p E M

7 local frame S Sr near p s 1
rumrunner

DS p O for 2 1 r

i e WaBCp o or C Tai p o

sketchof Proof Fix AIY frame ms CT Ff connection wrut I
unknown

Goal Findanother local frame SEA St W WI Conn Wirt

w A of A A DA

A w At DA
Choose A Et WA cDA p O

os

Q when does a connection D exist on a vector bundle

A Yes actually in abundance

Why connection exists locally as w WI

can bepiecedtogether to get a globallydefined

connection using CI partition of unity
2 the spaceof connection is convex

About L2 Do D connections Dt Cc t Dott D
on the same bundle E is also a connection on E

f
on j Recall

Ie I A'WA t ADA
is an

affine
D D

space I I ACw7 A

E
L f D Do1 O O E T R M End E

a vectorspace1113



Thin Given IT E M there exists a connection D on E

sketchofProof M U Uy locallyfinite coveringx

3 1 partitionof 1 subordinate to Ua

ie sptTa E U and I 3 42 1 VxGM

T
T connection D I 32Day defines a global connection

Connection Du
Du D

Fibermetrics on vectorbundles

Setup Rr E G metric on E
T t if t X E M g defines an inner product on Ex
E M

Ex9x Def'd we saythat a connection D is

1111 E compatible with 8 if Dg 0 T
ta
M i.e GC T E E is parallel

t 2 7 X G S Sz g DxSi Sa t gCs Dxsa
t X e M Vsi Sz C ICE

Q1 7 fiber metric g on E AI Yes in abundance

Q2 Given g on E I connection D compatible with g A2 later

Prop Let D is a connection on E compatible with a fiber metric g on E

Then Rap Rp where Rap Say
L 2 formswith

value in E E

Here Sap gCsxSp



wr t g
Remark If S Sr is local orthonormal frame of E

then wt w and Rt D

Proof Differentiate twice D8xp LDSxSp CSaDsp Ex

Connections on frame bundles

Idea B r dim vectorspace

GLCr basis on Rr A E MrxrCIR A invertible

I
why

Fix a basis all other basis EA

Consider the frame bundle of E

GLCr f E f E p CP Si Sr s Sr basisof Ep

1 is principal GLcr bundle over M

pe M r i
s1 1 I local charts 40 TI U V x GLCr

GLCHIFCEp
XI ICP Gcp A

000 009 Gun where SI EA
To 2 fixed local frame

o M
µ p U z 7 right action of GLCr on F E

VER fiberwise lt CE GLCr

440 I Ro i F E p FCEp

Reference Kobayashi Nomiz Foundations of DG I

Goal Understand connections from the viewpoint of frame bundle
or more general on principal G bundle



Recall Er D connection

I Si Sr local frame over U
U E M 7 Wu connection matrix of 1 forms over Uopen

And A I A w At A DA

On the frame bundle of E locally fix
x Aa n i

f E 2 Ux GLCr Wu AWuA ADA EI understand this
andprovefactbelowI f B 1B Nate B U 2 UxGLU

M Z U w B n UxGLCH 1 R U
U 6

any other local frame B BEX C GLCr In Btwn

FACT I 1 form matrix awed w u on Ux GLCr sit

Conn matrixB Iu I B coups B dB wne E

Similarly one can do it for the curvature 2 forms
ix A
a

Ux GLCr In A Rua data1 Quran

19B JB
U I curvature matrix v r t EB

Consider an m dim'lPicture
Gur Gurl Gurl Gurl distribution on Ux GLCr
si su su su su

Kobayashi m m
Nomizu T Yak L Lega iv a Iwww.a o

cocalff UxGur
Cxa as matrix

identified

oEmintegral
FACT Tuco a a

CxA CHA's submfd Y
x x o x x U E M Lm is transversetoAbersx x

Motto Having In on Ux GLCr 2 7 having a connection on Titu E E



Prop Equivalent characterizations of locally flat connections TFAE I

1 D is a flat connection on E over M i.e D o

Z M is an integrable distribution

3 7 B i U GL r s t B Wru o on U

3 7 parallel localframes 5 I om U Cie DI o on U


